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Abstract This work presents a hybrid multidirec-
tional mechanical energy harvester to enhance the per-
formance of a cantilever-based harvester when sub-
jected to multidirectional excitations. The multidirec-
tional capabilities are achieved by employing a pendu-
lum structure. Hybrid transduction is provided by com-
bining a piezoelectric element and an electromagnetic
transducer. A reduced-order model is presented based
on the electromechanical Lagrangian formulation, and
numerical analyses are performed to characterize the
system behavior. A comparison based on energy har-
vesting performance is established among the novel
multidirectional hybrid energy harvester (MHEH), the
classical piezoelectric harvester (CPEH), and a mul-
tidirectional piezoelectric harvester (MPEH). Results
show that the addition of the pendulum alone indeed
provides multidirectional capabilities, but the overall
performance can be reduced in some scenarios since it
works as an energy absorber. This limitation is over-
come by the hybridization strategy of the MHEH, by
incorporating an electromagnetic transducer into the
pendulum support. Overall, a significant improvement
is achieved in all scenarios by utilizing the hybrid sys-
tem.
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1 Introduction

Advancements throughout history have allowed human
society to manipulate the environment and use the
available Earth assets in their favor. The popula-
tion growth together with the consumption of nat-
ural resources is leading the Earth complex system
towards a critical planetary threshold that, if crossed,
could irreversibly destabilize the dynamics that main-
tain the global ecological balance; this is often called
the “point of no return” and underscores the urgency
of sustainable resource management [43]. This con-
text has encouraged the emergence of a growing num-
ber of initiatives, research endeavors, and development
projects to explore renewable and sustainable alterna-
tives to technological development, reflecting a col-
lective recognition of the pressing need to shift away
from the nowadays paradigms [27]. In this regard, the
continuous evolution of semiconductor technology is
enabling the reduction of power consumption in elec-
tronic systems [56]. This trend has sparked a growing
interest in the potential of environmental mechanical
energy sources, such as vibrations, sound, wind, and
sea waves, as a viable alternative for charging small-
to-medium-sized systems, including alternatives to tra-
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ditional batteries. Mechanical energy sources offer
an attractive solution to the challenge of sustainable
energy, providing the possibility to power a wide range
of devices, from small electronics to small urban cen-
ters [41,45].

Mechanical energy harvesting technology has a
wide range of applications across diverse fields within
self-powered wireless sensors, IoT (internet of things),
and MEMs (micro-electro-mechanical systems) which
have been the main focus of literature [18,28]. Nev-
ertheless, large-scale systems also show a promis-
ing area of development [57]. Some examples of the
potential applications of mechanical energy harvesting
include capturing energy from traffic-induced vibra-
tions [21,39], compressive loadings on pavements and
buildings [20,46], and healthmonitoring of civil infras-
tructure [16]. In the biomedical field, it has the potential
to harvest energy from the motion of organs such as the
heart, lung, and diaphragm, to power active implantable
medical devices such as pacemakers [13,17], and
even monitor wildlife as shown by [31]. Addition-
ally, numerous studies have investigated the powering
of wearables through energy conversion from human
motion [15,33,54]. Lastly, offshore deployments for
wave energy harvesting [36] and health monitoring
of vehicle components are also potential applications
[30,44].

In order to harness the available ambient mechan-
ical energy and effectively convert it into electri-
cal energy, the transduction mechanisms are essen-
tial. Electromagnetic converters, triboelectric struc-
tures, and piezoelectric materials can be enumerated
as some classical strategies to achieve this goal. Elec-
tromagnetic harvesters rely on the principle of elec-
tromagnetic induction, being commonly used in robust
applications, ranging from micro to large scale appli-
cations [6]. In contrast, triboelectric structures use fric-
tion between two different materials to create an elec-
tric potential between two surfaces, making themmore
compact and suitable for nano to microscale applica-
tions [26]. On the other hand, piezoelectric materials
are smartmaterials that convertmechanical into electri-
cal energy through the reversible process of the piezo-
electric effect, which produces a proportional charge as
a result of the application of a mechanical field. Piezo-
electric transducers can be applied to harvest energy
from micro to large-scale applications [9].

The hybrid transduction combining different types
of transducers is a trend to enhance system perfor-

mance. This combination allows to exploitation of
the unique advantages of each transducer, resulting in
greater energy harvesting capacity. Depending on the
transducer combinations, various applications can be
realized. For instance, [8] utilized a Kresling origami
structure that combined rotational triboelectric and
piezoelectric/triboelectric nanoconverters in contact
mode. This innovative approach allowed the structure
to take advantage of the rotational movement, the gen-
erated strain and contact, resulting in a better energy
harvesting performance. Similarly, [55] utilized both
electromagnetic and triboelectric transducers to build
a hybrid energy harvester based on rotation to scavenge
biomechanical energy as a mobile power source. Egbe
et al. [19] employed three different transduction mech-
anisms to enhance the conversion of wind energy to
electrical energy through a rotational device to power
sensors. Other researchers have also reported the use of
various hybrid devices showing improved performance
through the utilization of different conversion strate-
gies [24,25,50,52]. By utilizing the unique advantages
of each transducer, hybrid systems can indeed facilitate
more efficient energy harvesting solutions.

The harvesters documented in the literature are res-
onators, including structural elements such as beams
and plates. On this basis, their effectiveness in convert-
ing energy is limited to situations close to the reso-
nant condition when operating in a linear regime. This
limitation has motivated the use of nonlinear modu-
lations, which can increase their operation bandwidth
and enable better performance when subjected to envi-
ronmental uncertainties. Multistable systems that are
induced either by magnets or by post-buckled struc-
tures can be cited as one of the most common non-
linearity modulations found in the literature [10,14].
Compared to the linear systems, this class of harvester
presents a better performance by increasing the maxi-
mumoutput power and operation bandwidth [42]. Non-
smooth impact-driven modulations are also employed
to enhance the operation bandwidth, but at the cost
of the reduction of the maximum output power [3].
Besides, the mechanical wear caused by successive
impacts can be a drawback of this kind of harvester.
Adeodato et al. [2] and [53] showed that the synergis-
tic use of smart materials can be a viable solution to
control and tune the natural frequency of the harvester,
increasing the operation bandwidth in different scenar-
ios.
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The design of different structures is also of concern
trying to enhance energy harvesting capacity. In this
regard, multimodal structures are proposed with multi-
ple degrees of freedom. Caetano and Savi [4] proposed
some structures with configurations optimized from
circular plates to pizza-shaped with irregular slices.
The multimodal pizza-shaped harvester presented a
better performance than the classical beam harvester,
increasing its broadband. Costa and Savi [12] proposed
a compact multistable energy harvester composed of
a dual beam nonlinear structure featuring two mag-
netic interactions and two piezoelectric transducers.
The harvester presented a better performance than the
conventional bistable harvester. In a subsequent work,
it was revealed that this harvester can be configured
to be monostable, bistable, or tetrastable. In general,
it was shown that the tetrastability configuration has
greater performance than its counterparts [11]. Rota-
tional energy harvesters using piezoelectric, electro-
static, triboelectric, and electromagnetic transducers,
with simple and complex structures are also reported
in the literature [23].

Energyharvesting frommultiple directions is another
important aspect to be incorporated into the designs
since energy sources have unavoidable uncertainties.
It has been shown that the usage of pendulum struc-
tures to achieve multidirectionality is an interesting
and effective solution [49]. Unlike classical cantilever-
based piezoelectric energy harvesters, which primar-
ily operate in a single direction, pendulum-based sys-
tems can harness energy from various directions. Pen-
dulum structures have been used in mechanical energy
harvesting systems, as demonstrated in recent studies
[7,22,47]. Specifically, they can be used in some ways
to incorporate multidirectional capabilities to the clas-
sical cantilever-based piezoelectric energy harvester,
as demonstrated by [51], as well as [37,38] and [48].
Caetano and Savi [5] proposed a star-shaped harvester,
comparing its performance with the counterpart ver-
sion, without pendula. The proposed harvester presents
a multimodal and multidirectional energy harvesting
capacity. Other types of multidirectional mechanisms
such as the complex 3-DoF frame structure proposed
by [1], the tunable buckled piezoelectric film proposed
by [34], and the rotational cam rotor-based energy har-
vester proposed by [29] are also reported.

Although pendulum structures are useful to con-
fer multidirectional aspects to energy harvesters, a
deep discussion about dynamical influence of the pen-

dulum system is important since it can work as a
dynamical absorber. Therefore, a comparison of these
new cantilever-pendulum systems against the classical
piezoelectric energy harvester needs to be performed
accordingly, which is not addressed in the literature.

This work deals with an investigation of multidi-
rectional mechanical energy harvesting, proposing an
archetype reduced order model of a multidirectional
hybrid pendulum-based energy harvester (MHEH).
Specifically, MHEH is a modified version of the clas-
sical cantilever-based piezoelectric energy harvester.
The pendulum-based system presents multidirectional
coupling, allowing the conversion of the mechanical
energy source directions that otherwise would be lost.
A piezoelectric transducer is attached to a cantilever
structure to convert energy from flexural oscillations,
while an electromagnetic converter is attached to the
pendulum to harness the rotational energy. Numerical
simulations are performed in order to show that the
addition of a pendulum structure into the cantilever-
based energy harvester design is sufficient to provide
efficient multidirectional capabilities. Results show
that the usage of pendulum structures is advantageous
if associated with an additional strategy to harness the
rotational energy from the pendulum.

After this introduction, this work is organized as fol-
lows: Sect. 2 establishes the conceptual representation
of three types of energyharvesters, representing the nat-
ural evolution of the classical piezoelectric energy har-
vester to the proposed multidirectional hybrid energy
harvester. A theoretical model is developed to describe
the qualitative characteristics of the three structures.
Section3 explores the advantages and disadvantages of
using pendulum structures to achieve multidirection-
ality, and how to counteract them. Section4 presents
a numerical analysis to characterize the performance
of the system by analyzing a set of important parame-
ters such as the ratio between the natural frequencies of
each direction, the electrical resistances, the electrome-
chanical couplings, and the excitation characteristics.
Finally, the conclusions are presented in Sect. 5.

2 Design and theoretical model

Consider the conceptual representation of three
cantilever-based energy harvesters presented in Fig. 1.
The first configuration is shown in Fig. 1a, represent-
ing the classical cantilever-based piezoelectric energy
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Fig. 1 Conceptual representation of the three types of energy
harvesters. a The classical piezoelectric energy harvester
(CPEH), composed of a piezoelectric transducer and a cantilever
beam structure with a tip mass. b the multidirectional piezoelec-
tric energy harvester (MPEH), composed by the CPEH plus the

addition of a pendulum structure. c The proposed multidirec-
tional hybrid energy harvester (MHEH) composed of the MPEH
plus the addition of an electromagnetic transducer at the pendu-
lum support

harvester (CPEH), composed by a piezoelectric trans-
ducer attached to a structural beam element, a support
where the beam is embedded, and a tip mass at its free
end. The second design, displayed in Fig. 1b, shows the
multidirectional piezoelectric harvester (MPEH) incor-
porating the pendulum in the classical design. This lay-
out leverages the planar motion of the pendulum to
transmit the input energy from one Cartesian direction
to another. Finally, Fig. 1c shows the proposed mul-
tidirectional hybrid energy harvester (MHEH), which
incorporates an additional electromagnetic transducer
at the support of the pendulum in order to harness its
rotational energy.

The proposed novel design incorporates a pendu-
lum harvester to the classical cantilever-based energy
harvester in order to achieve efficient multidirectional
capabilities. In the next subsection, an archetypemodel
is developed containing the key dynamical character-
istics of each one of the three configurations of Fig. 1.
This model allows one to develop a numerical investi-
gation to establish the advantages of using pendulum
structures to achievemultidirectional capabilities in the
classical cantilever-based energy harvesters.

2.1 Physical modeling

The energy harvesters presented in Fig. 1 can be rep-
resented by the general archetype model depicted in
Fig. 2. The model considers the beam main structure

with effective mass ms , and a pendulum-type element
of effectivemassmp attached to it. The equivalent stiff-
ness and damping coefficients are represented by ki
(i = x, z, pz) and c j ( j = x, z, em, p), in which sub-
scripts are related to the direction or an element within
the system. Subscript x and z refer to the plane direc-
tions, while subscript p refers to the pendulum; sub-
scripts pz and em refer to the piezoelectric and elec-
tromagnetic transducers, respectively. Two transducers
are attached to the system: a piezoelectric element with
an electromechanical coupling term, θpz and an equiv-
alent stiffness, kpz , in the z direction of the structure;
and an electromagnetic energy converter attached to the
support of the pendulum with an electromagnetic cou-
pling term, θem , and a magnetic damping coefficient
cem . The transducers are represented by an equivalent
circuit. The piezoelectric element can be represented
by a circuit depicted in Fig. 2b, with an internal capaci-
tance, Cpz , connected in parallel to internal resistance,
Ripz , and an induced current related to the electrome-
chanical coupling, Ipz(t) = θpz ż(t). An external load
resistance, Rlpz , is also attached to the piezoelectric
element. Additionally, the electromagnetic transducer
is represented by the circuit depicted in Fig. 2c, with a
voltage source, vem(t) = θem φ̇(t), connected in series
with an equivalent internal inductance, Lem , an inter-
nal resistance Riem , and external load resistance, Rlem .
The equivalent resistance of the piezoelectric circuit is
represented by Rpz = Ripz Rlpz/

(
Rlpz + Ripz

)
, while
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Fig. 2 a Archetype
representing the Hybrid
Multidirectional Energy
Harvester. b The equivalent
circuit of the piezoelectric
transducer attached to a
resistance. c The equivalent
circuit of the
electromagnetic transducer
attached to a resistance

the equivalent resistance of the electromagnetic circuit
is represented by Rem = Riem + Rlem .

The effects of gravity, g, are considered, and the
system is subjected to a multidirectional excitation
represented by the vector rb(t) = rb(t)

[
sin (μ)êx +

cos (μ)êz
]
, where the bold notation refers to vectors

and italic notation refers to scalars; μ is the angle
between the external excitation vector rb(t) and the z
direction, and rb(t) is the excitation function; the vec-
tors êx and êz are the base vectors of each Cartesian
direction, x and z, respectively.

The absolute structure position can be written as fol-
lows,

rs(t) = [xb(t) + xs(t)] êx + [zb(t) + zs(t)] êz
= [xb(t) + x(t)] êx + [zb(t) + z(t) + zst ] êz,

(1)

where x(t) and z(t) are the relative positions in which
the system oscillates with respect to the equilibrium
position, and zst = (

ms + mp
)
g/

(
kz + kpz

)
is the

static deflection of the structure due to gravity action.
Also, the absolute position of the pendulum is given by

rp(t) = [
xb(t) + x(t) + xp(t)

]
êx

+ [
zb(t) + z(t) + zst + z p(t)

]
êz

= [
xb(t) + x(t) + L p sin (φ(t))

]
êx + [zb(t)

+z(t) + zst + L p cos (φ(t))
]

êz .
(2)

By considering an energetic approach, the total
kinetic energy can be written as the composition of the
structure and the pendulum kinetic energies as follows,

T = Ts + Tp

= 1

2
ms ṙs(t) · ṙs(t) + 1

2
mp ṙp(t) · ṙp(t)

= 1

2
mp

{[
ẋ(t) + ẋb(t) + L pφ̇(t) cos (φ(t))

]2

+ [
ż(t) + żb(t) − L pφ̇(t) sin (φ(t))

]2}

+ 1

2
ms

{
[ẋ(t) + ẋb(t)]

2 + [ż(t) + żb(t)]
2
}

.

(3)

The structure and piezoelectric element constitutive
behaviors are assumed to be linear and, therefore, the
total restitution forces of the structure and the piezo-
electric elements are defined by

fx (t) = −kx x(t), (4)

fz(t) = −kzz(t), (5)

f pz(t) = −kpzz(t), (6)

resulting in the total potential energy, written as the
sum of the main structure, piezoelectric element, and
pendulum potential energies,

U = Us +Up

= −
∫ xs (t)

0
fx (t) dx −

∫ zs (t)

0

[
fz(t) + f pz(t)

]
dz

−
∫ zb(t)+zs (t)

0
msg dz −

∫ zb(t)+zs (t)+z p(t)

0
mpg dz

= 1

2
kx x(t)

2 + 1

2

(
kz + kpz

)
[z(t) + zst ]

2

− msg [zb(t) + z(t) + zst ]

− mpg
[
zb(t) + z(t) + zst + L p cos (φ(t))

]
.

(7)
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The electromechanical coupling of the piezoelectric
transducer, θpz , is related to the induced current, Ipz(t),
being determined by the properties of the piezoelec-
tric material, its geometry and dimensions. In contrast,
the electromechanical coupling of the electromagnetic
transducer, θem , is related to the induced voltage,
vem(t), being determined by the geometric characteris-
tics of the coil(s), the properties of themagnet(s) within
the converter, the intensity of its magnetic field(s), and
the position and distribution of the elements within the
transducer. Often, it is possible to determine these two
quantities analytically, nevertheless, either finite ele-
ment analysis or experimental methods are required
for complex structures. Another possibility is that these
couplingmechanisms can dynamically change depend-
ing on the state of the system. For the sake of simplicity,
this work considers constant coupling coefficients.

From this perspective, consider the linear relation
between the flux linkage, ψ(t), and the voltage, v(t),
across the piezoelectric circuit as ψ̇(t) = v(t), and
the linear relation between the charge, q(t), and the
current, I (t), flowing in the electromagnetic circuit as
q̇(t) = I (t). The total electrical domain energy can be
represented by the sumof the total electric energy of the
piezoelectric element,We and the totalmagnetic energy
of the electromagnetic transducer,Wm :W = We+Wm .

The total energy of the piezoelectric transducer,We,
is composed by the sum of the electric energy in the
capacitance, WC , and the piezoelectric energy, Wpz ,
being expressed as follows,

We = WC + Wpz = 1

2
Cpzψ̇(t)2 + θpzψ̇(t)z(t). (8)

On the other hand, the total energy of the electro-
magnetic transducer, Wm , is composed by the sum of
the magnetic energy in the inductance, WL , and the
electromagnetic coupling energy, Wem .

Wm = WL + Wem = 1

2
Lemq̇(t)2 + θemq̇(t)φ(t). (9)

Details of this formulation can be seen in [40].
The system dissipation can be modeled using dissi-

pation functions as discussed in [35] and [40]. Three
major sources are identified: the mechanical dissipa-
tion function acting on the main structure, Ds ; the dis-
sipation function acting on the pendulum, Dφ ; and the
electrical dissipation in the circuits due to resistance

elements, DR . Thus, the total dissipation can be writ-
ten as D = Ds + Dφ + DR .

The main structure dissipation is mainly composed
of the viscous sources, split into Dx , associated with
x-direction and Dz , related to z direction,

Ds = Dx + Dz = 1

2
cx ẋ(t)

2 + 1

2
cz ż(t)

2, (10)

The pendulum dissipation is mainly composed of
pendulum viscous dissipation, Dφe , and internal mag-
netic dissipation within the magnetic transducer, Dφi .
Therefore, it is written [32],

Dφ = Dφe + Dφi = 1

2
cpL pφ̇(t)2 + 1

2
cem φ̇(t)2, (11)

Finally, the dissipation acting on the electrical
domain is associated with the resistive elements rep-
resented by Dpz , associated with piezoelectric circuit,
and Dem , related to electromagnetic circuits. Therefore,
the following expression is achieved,

DR = Dpz + Dem = 1

2

ψ̇(t)2

Rpz
+ 1

2
Remq̇(t)2, (12)

On this basis, the Lagrangian can be defined as
L = T − U + W , where the electromechanical
system is associated with five generalized coordi-
nates (three mechanical and two electrical), Q =
[x(t), z(t), φ(t), ψ(t), q(t)]. Therefore, by applying
the Euler-Lagrange method, the following equation is
achieved,

d

dt

(
∂L
∂ Q̇i

)
− ∂L

∂Qi
+ ∂D

∂ Q̇i
= 0. (13)

Suppressing the (t) in the notation of the generalized
coordinates, the electromechanical equations ofmotion
can be written as a system of equations related to the
state variables x , z, φ, v and I :

(
ms + mp

)
ẍ + cx ẋ + kx x

+ mpL p

[
φ̈ cos (φ) − φ̇2 sin (φ)

]

= − (
ms + mp

)
ẍb; (14)

123



Pendulum-based hybrid system

(
ms + mp

)
z̈ + cz ż + (

kz + kpzt
)
z − θpzv

− mpL p

[
φ̈ sin (φ) + φ̇2 cos (φ)

]

= − (
ms + mp

)
z̈b;

(15)

mpL
2
pφ̈ + (cem + cpL p)φ̇

+ mpL p [ẍ cos (φ) + (g − z̈) sin (φ)]

− θem I =
mpL p [z̈b sin (φ) − ẍb cos (φ)] ;

(16)

Cpz v̇ + v

Rpz
+ θpz ż = 0; (17)

Lem İ + Rem I + θem φ̇ = 0. (18)

By assuming a harmonic external stimulus:

rb = xbêx + zbêz = A sin (ωt)
[
sin (μ)êx+cos (μ)êz

]
.

(19)

Thus,

r̈b = ẍbêx + z̈bêz
= −Aω2 sin (ωt)

[
sin (μ)êx + cos (μ)êz

]
. (20)

Here A is the amplitude and ω is the frequency of exci-
tation.

In order to generalize the analysis, a normaliza-
tion approach is performed by considering a reference
length, L , a reference voltageV , and a reference current
I, resulting in the following dimensionless electrome-
chanical equations:

(1+ρ) ¨̄x+2ζx ˙̄x+	2
s x̄+ρ


[ ¨̄φ cos (φ̄) − ˙̄φ2 sin (φ̄)
]

= −(1 + ρ) ¨̄xb; (21)

(1 + ρ) ¨̄z + 2ζz ˙̄z + z̄ − χpz v̄

− ρ

[ ¨̄φ sin (φ̄) + ˙̄φ2 cos (φ̄)

]

= −(1 + ρ) ¨̄zb; (22)

¨̄φ + 2ζφ
˙̄φ + 	2

φ sin (φ̄) − χem Ī

+ 1




[ ¨̄x cos (φ̄) − ¨̄z sin (φ̄)
]

= 1




[ ¨̄zb sin (φ̄) − ¨̄xb cos (φ̄)
]; (23)

˙̄v + v̄

ϕpz
+ κpz ˙̄z = 0; (24)

˙̄I + ϕem Ī + κem
˙̄φ = 0. (25)

Fig. 3 Equivalent models of a Case I: The classical linear piezo-
electric energy harvester (CPEH).bCase II: Themultidirectional
piezoelectric energy harvester (MPEH), with the multidirection-
ality induced by the pendulum structure attached to the mass. c
Case III: The multidirectional hybrid energy harvester (MHEH),
proposed in thiswork.Thehybridization is achievedby the simul-
taneous usage of a piezoelectric and an electromagnetic trans-
ducer

These equations are related to the dimensionless
parameters presented in Table 1 together with typical
values.

Thismodel allows the representation of all three har-
vesters depicted in Fig. 1, enabling further comparison
among them. Themodeling of the CPEH is achieved by
maintaining the pendulum mass, reducing the pendu-
lum length to zero, and removing the electromagnetic
transducer as illustrated in Fig. 3a, denoted as Case
I. This is equivalent of making the parameters ζφ =
	φ = 
 = χem = κem = ϕem = 0. Case II, depicted
in Fig. 3b, represents the model for the MPEH. This
configuration can be achieved by removing the electro-
magnetic transducer, making χem = κem = ϕem = 0.
Finally, Case III refers to the proposedMHEH,with the
pendulum structure and the electromagnetic converter,
being represented in Fig. 3c.

2.2 Performance metrics

The performance of the energy harvesting system is
evaluated with the definition of the electrical power
associated with both piezoelectric and electromagnetic
circuits. The total instantaneous electrical power con-
sists of the sum of the instantaneous electrical power in
each circuit, as represented byEq.26. Thus, the average
electrical power, defined over the interval t0 ≤ t ≤ t f ,
is represented by Eq.27, where vRMS and IRMS are
the root-mean-square (RMS) of the output voltage of
the piezoelectric circuit and the output current of the
electromagnetic circuit, respectively, and is defined as
depicted in Eq.28.
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Table 1 System parameters and values used in the analyses

Parameter description Symbol Definition Value

Natural frequency of the main structure in x ωx
√
kx/ms –

Natural frequency of the main structure in z ωz
√
kz/ms –

Linearized natural frequency of the pendulum ωφ

√
g/L p –

Normalized time τ ωz t –

Normalized x displacement of the main structure x̄(τ ) x(t)/L –

Normalized z displacement of the main structure z̄(τ ) z(t)/L –

Normalized angle of the pendulum structure φ̄(τ ) φ(t) –

Normalized voltage of the piezoelectric circuit v̄(τ ) v(t)/V –

Normalized current of the electromagnetic circuit Ī (τ ) I (t)/I –

Normalized base excitation frequency 	 ω/ωz 0.01 → 2

Normalized base excitation amplitude γ A/L 0.1, 0.25, 0.5

Normalized angle of the base excitation vector rb(t) μ̄ μ 0◦, 45◦, 90◦

Normalized base excitation displacement in the x direction x̄b(τ ) γ sin (	τ) sin (μ̄) –

Normalized base excitation displacement in the z direction z̄b(τ ) γ sin (	τ) cos (μ̄) –

Ratio of masses ρ mp/ms 0.5

Normalized damping coefficient of the main structure in x ζx cx/(2ωzms) 0.025

Normalized damping coefficient of the main structure in z ζz cz/(2ωzms) 0.025

Normalized total damping coefficient of the pendulum structure ζφ
[(cem/L p)+cp ]

2ωz L pms
0.0025

Ratio of natural frequencies of the main structure 	s ωx/ωz 0.5, 1, 1.5

Ratio of natural frequencies of the pendulum and the z direction 	φ ωφ/ωz 0.05

Normalized pendulum length 
 L p/L 1

Normalized piezoelectric coupling in the mechanical ODE χpz θpzV/(kz L) 0.05

Normalized electromagnetic coupling in the mechanical ODE χem θemI/(ρkz L2
p) ηχpz

Normalized piezoelectric coupling in the piezo circuit ODE κpz θpz L/(CpzV ) 0.5

Normalized EM coupling in the electromagnetic circuit ODE κem θem/(LemI) ηκpz

Normalized equivalent resistance of the piezoelectric circuit ϕpz Cpz Rpzωz 0.2 → 100

Normalized equivalent resistance of the electromagnetic circuit ϕem Rem/(Lemωz) 0.01 → 5

Ratio between electromechanical couplings η χem/χpz = κem/κpz 0.2 → 1.0

Normalized electrical output power of the piezoelectric circuit P̄pz(τ ) Ppz(t)/(CpzωzV 2) –

Normalized electrical output power of the electromagnetic circuit P̄em(τ ) Pem(t)/(LemωzI2) –

P = Ppz + Pem = 1

Rpz
v2 + Rem I

2, (26)

Pavg = 1

t f − t0

∫ t f

t0
P dt = 1

Rpz

(
vRMS

)2

+Rem

(
IRMS

)2
, (27)

where the RMS of any quantity can be defined as:

�RMS =
√

1

t f − t0

∫ t f

t0
[�(t)]2 dt . (28)

Furthermore, based on these concepts and accord-
ing to Table 1, the normalized average electrical output
power can be determined as described in Eq.29.

P̄avg = P̄pz + P̄em = 1

ϕpz

(
v̄RMS

)2 + ϕem

(
ĪRMS

)2
.

(29)
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Fig. 4 Time series of the free response of the system as the
structure is released from an arbitrary z̄ initial position: a mass’
relative horizontal position, x̄ ; b mass’ relative vertical position,

z̄; and c pendulum angular position, φ̄. The piezoelectric and
electromagnetic transducers are excluded from the analysis, that
is, χpz = κpz = ϕpz = χem = κem = ϕem = 0

Fig. 5 Time series of the free response of the system as the
structure is released from an arbitrary x̄ initial position: a mass’
relative horizontal position, x̄ ; b mass’ relative vertical position,

z̄; and c pendulum angular position, φ̄. The piezoelectric and
electromagnetic transducers are excluded from the analysis, that
is, χpz = κpz = ϕpz = χem = κem = ϕem = 0

Fig. 6 Time series of the free response of the system as the
pendulum is released from an arbitrary φ̄ initial angle: a mass’
relative horizontal position, x̄ ; b mass’ relative vertical position,

z̄; and c pendulum angular position, φ̄. The piezoelectric and
electromagnetic transducers are excluded from the analysis, that
is, χpz = κpz = ϕpz = χem = κem = ϕem = 0

3 Multidirectional energy harvesting

This section evaluates the main characteristics of the
energy harvester showing that the pendulum structure
can be used to achieve multidirectionality in mechan-
ical structures due to its capability to diffuse energy
between different directions within the system. Numer-
ical simulations carried out employing the fourth order
Runge–Kutta scheme, considering a time step �τ =
2π/(N	), with N = 6000, defined after a convergence
analysis. Dynamical observations are treated together
with performance.

In order to illustrate the multidirectionality con-
cept, consider the free responses of the system (γ =
	 = μ̄ = 0) with the following structural parameters:
	s = 1.5 and 	φ = 0.05. Besides, the piezoelectric
and electromagnetic transducers are excluded from the
analysis, setting χpz = κpz = ϕpz = χem = κem =
ϕem = 0. The remaining parameters are listed in Table
1. The idea is to show that energy can flow among the
mechanical coordinates, which is shown in Figs. 4, 5
and 6 that present free responses imposed by different
perturbations and represented by x̄ , z̄ and φ̄.
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Fig. 7 P̄avg × 	 diagrams for the Cases I, II, and III repre-
sented in Fig. 3 excited with different angles μ̄ for a normalized
excitation amplitude of γ = 0.1. a Classical linear piezoelectric
energy harvester (CPEH). b A comparison between the CPEH

(dashed black lines) and themultidirectional piezoelectric energy
harvester (MPEH). c A comparison between the CPEH (dashed
black lines) and the proposedmultidirectional hybrid energy har-
vester (MHEH). The values of P̄avg are scaled by ×103

Figure4 shows a scenario in which the structure is
perturbedwith an arbitrary initial position in the z̄ direc-
tion,while the pendulum φ̄ and the position of the struc-
ture x̄ direction remain stationary at their initial condi-
tion.As time progresses, it is observed that the structure
oscillates in the z̄ direction, while the pendulum and
the structure remain stationary at rest. This behavior is
expected since the system is ideal and unperturbed in
the other directions. In contrast, when the x̄ direction
is perturbed, energy is transmitted from the x̄ direction
to the pendulum, and from the pendulum to the z̄ direc-
tion. This scenario is depicted in Fig. 5. Furthermore,
Fig. 6 shows that when the pendulum is released from
an arbitrary φ̄ initial angle, the energy is simultane-
ously transferred from the pendulum to both x̄ and z̄
directions. This analysis highlights the pendulum as an
energy bridge between directions.

Energy harvesting assessment is now in focus, com-
paring the three energy harvesters illustrated in Fig. 1.
For that, consider their equivalentmodels as established
in Fig. 3. The electromagnetic transducer parameters
utilized are of the following: χem = 0.04, ϕem = 0.25,
κem = 0.4. The remaining non-zero parameters are
utilized as presented in Table 1.

The performance of each system is assessed across a
range of frequencies by imposing three different exci-

tation angles for each case, defining different multi-
directional energy sources: μ̄ = 0◦, a unidirectional
case; μ̄ = 45◦, a multidirectional case; and μ̄ = 90◦,
an opposite case of the unidirectional source. Diagrams
P̄avg × 	 presented in Figs. 7, 8 and 9, are built using

x̄0 = ˙̄x0 = z̄0 = ˙̄z0 = φ̄0 = ˙̄φ0 = v̄0 = Ī0 = 0 as ini-
tial conditions. An up-sweep test with 500 steps of the
normalized frequency, 	, is performed. For each step,
�	, 800 excitation periods, T, are imposed at each inte-
gration, with the last 150 considered to be steady state.
The value of the steady state average output power,
P̄avg, is computed for each step. As 	 increases, the
dynamics of the system are maintained, that is, besides
for the first value of 	, the initial conditions of each
point in the diagram correspond to the end state of the
preceding point. Different excitation levels of γ = 0.1,
γ = 0.25, and γ = 0.5 are considered.

In each Figure, the first column (a) illustrates the
performance of Case I: CPEH. It is observed that when
the excitation angle, μ̄, is set to 0◦, the system achieves
maximum performance as the direction of excitation
aligns parallel to the êz axis. However, as the angle
μ̄ increases, the maximum output power diminishes
gradually until it reaches zero at μ̄ = 90◦ when the
excitation becomes perpendicular to the êz axis. Con-
sequently, for excitation angles other than μ̄ = 0◦ and
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Fig. 8 P̄avg ×	 diagrams for the Cases I, II, and III represented
in Fig. 3 excited with different angles μ̄ for a normalized exci-
tation amplitude of γ = 0.25. a Classical linear piezoelectric
energy harvester (CPEH). b A comparison between the CPEH

(dashed black lines) and themultidirectional piezoelectric energy
harvester (MPEH). c A comparison between the CPEH (dashed
black lines) and the proposedmultidirectional hybrid energy har-
vester (MHEH). The values of P̄avg are scaled by ×103

μ̄ = 180◦, the CPEH system experiences a loss of
valuable energy from the environment.

This issue is addressed by incorporating a pendulum
structure that achieves multidirectionality (referred to
as Case II: MPEH) as demonstrated by [51], as well
as [37,38]. Figures7b, 8b and 9b display the perfor-
mance for this kind of harvester. For an excitation
angle of μ̄ = 0◦, the performance of the MPEH is
identical to that of the CPEH as there is no resulting
motion from the pendulum. In contrast, for an excita-
tion angle of μ̄ = 90◦ the advantages of utilizing a pen-
dulum structure to facilitate energy transfer between
directions become evident. In this scenario, the sys-
tem is capable of effectively harvesting energy from all
directions. However, for intermediate angles between
0◦ < μ̄ < 90◦ it exhibits a drawback, demonstrat-
ing lower performance (lowermaximum output power)
compared to the CPEH in certain scenarios. This is due
to the pendulum acting as an energy absorber.

In order to deal with this matter, an electromag-
netic transducer has been integrated into the system
to harness the rotational energy, enabling a portion of
the mechanical energy absorbed by the pendulum to
be converted into electrical energy. On this basis, a
hybrid system is of concern, represented by Case III:
MHEH. The performance of this harvester is presented

in Figs. 7c, 8c and 9c. Similar to the previous case, for
an angle of μ̄ = 0◦, the performance of the MHEH is
equivalent to the CPEH as there is no resulting motion
of the pendulum. However, for angles of μ̄ = 45◦ and
μ̄ = 90◦, there is an impressive increase of perfor-
mance in both maximum output power and bandwidth
when compared to the CPEH.

These results clearly show that the MHEH (Multi-
directional Hybrid Energy Harvester) not only retains
the desirable characteristics of the MPEH (Multidi-
rectional Piezoelectric Energy Harvester) but can also
effectively address its limitations. This highlights the
importance of incorporating the additional strategy to
harness the rotational energy when utilizing pendu-
lum structures for efficient multidirectional piezoelec-
tric energy harvesting applications.

4 Characterization of the MHEH performance

The performance of the hybrid multidirectional energy
harvester is evaluated and the electromechanical cou-
plings of the electromagnetic transducer, χem and κem ,
are important to be addressed. As discussed in Sect. 2,
the value of these couplings is influenced bymany con-
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Fig. 9 P̄avg × 	 diagrams for the Cases I, II, and III repre-
sented in Fig. 3 excited with different angles μ̄ for a normalized
excitation amplitude of γ = 0.5. a Classical linear piezoelectric
energy harvester (CPEH). b A comparison between the CPEH

(dashed black lines) and themultidirectional piezoelectric energy
harvester (MPEH). c A comparison between the CPEH (dashed
black lines) and the proposedmultidirectional hybrid energy har-
vester (MHEH). The values of P̄avg are scaled by ×103

struction characteristics of the transducer, especially
the disposal of coils and internal magnet properties. In
order to perform a general qualitative analysis of the
MHEH, a variable is defined containing information of
the electromagnetic transducer, based on the piezoelec-
tric transducer.On this basis, consider the ratio between
electromechanical couplings as

η = χem

χpz
= κem

κpz
. (30)

Note that if η = 1, both transducers have the same
coupling, while if η < 1, electromagnetic couplings
have a lower value than the corresponding piezoelectric
coupling. Alternatively, if η > 1, the electromagnetic
couplings have a larger value than the corresponding
piezoelectric couplings.

This section develops a characterization of the sys-
tem performance by evaluating the influence of dif-
ferent parameters. The first subsection evaluates the
influence of the electrical resistance parameters on the
output power. On the other hand, the second subsec-
tion evaluates the effects of parameter η in the average
output power of the MHEH. The analyses are carried
out by considering three different configurations with
different ratios of natural frequencies, 	s : 0.5, 1.0 and

Fig. 10 Illustrative representation of the ratio of natural fre-
quencies, 	s . a 	s < 1, where the x̄ direction is softer than
the z̄ direction (the beam’s width is shorter than its height). b
	s = 1, where both x̄ and z̄ directions have the same stiffness
(both beam’s width and height have the same length). c 	s > 1,
where the x̄ direction is stiffer than the z̄ direction (the beam’s
width is larger than its height)

1.5. An illustrative representation of the 	s parame-
ter is presented in Fig. 10. The angle of excitation is
maintained constant at μ̄ = 45◦ and the values of the
remaining parameters are summarized in Table 1.

4.1 Influence of the electrical resistances, ϕpz and ϕem

The influence of the electrical resistance parameters
is now of concern, establishing their effects on the
average output power of the system. By considering
a constant value of η = 1 and γ = 0.1, Average Out-
put Power Diagrams (OPDs) are constructed to ana-
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Fig. 11 OPDs for the normalized electrical resistance analy-
sis, using a normalized excitation amplitude of γ = 0.1 and
excitation angle of μ̄ = 45◦. Three groups with different ratios
of natural frequencies of the main structure are defined: a with
	s = 0.5, b 	s = 1.0, and c 	s = 1.5. Each group has two
rows: The first row shows the output power for different values
of conductance of the piezoelectric circuit (1/ϕpz), while the

second row shows the output power for different values of the
resistance of the electromagnetic circuit (ϕem ). Rainbow colors
in the colorbar indicate the level of average output power, P̄avg,
achieved in each case. Colorbars that have an arrow at the top
indicate that the range of colorbar values was limited for better
display and the top value above the arrow is the maximum output
power achieved. All values of P̄avg are scaled by ×103

lyze the influence of the normalized electrical resis-
tance parameters, ϕpz , and ϕem , and the excitation fre-
quency, 	, in the output power of the system. These
diagrams are built with a grid of 500 × 500 sample
points, each of which is obtained from a time series
integration. As in the previous diagrams, for each sam-
ple point, 800 excitation periods, T, are imposed at
each integration, with the last 150 considered to be
steady state. Then, the value of the average output
power is computed based on the instantaneous out-
put power values of the steady state part. Additionally,
all sample points have the same initial conditions of
x̄0 = ˙̄x0 = z̄0 = ˙̄z0 = φ̄0 = ˙̄φ0 = v̄0 = Ī0 = 0 to
standardize the analysis.

Figure11 shows these diagrams considering three
configurations with different values of 	s . Each col-
umn of Fig. 11 is related to one different configura-
tion: Fig. 11a for 	s = 0.5, that is, the z̄ direction
is stiffer than the x̄ direction; Fig. 11b for 	s = 1.0,

where both stiffness of each direction are equal; and
Fig. 11c for 	 = 1.5, showing a configuration with a
stiffer x̄ direction than the z̄ direction. The first row
of each configuration shows the OPD for the values
of the normalized conductance of the piezoelectric cir-
cuit, 1/ϕpz . For all configurations, the optimal value
of the normalized conductance is shown to be around
1/ϕpz = 1. Additionally, the second row of each con-
figuration shows the OPD for the values of the normal-
ized resistance of the electromagnetic circuit, ϕem . As
in the previous case, the three configurations show sim-
ilar regions of optimal resistance around ϕem = 0.25.

In this case, it should be pointed out that the increase
of 	s produces an increase in the maximum output
power in both piezoelectric and electromagnetic trans-
ducer circuits. Additionally, the presence of two peaks
of output power in the first and third cases, as pointed
out by the white arrows, occurs due to the shift of the
resonance regions caused by the change of 	s .
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4.2 Influence of the ratio between electromechanical
couplings, η

The ratio between electromechanical couplings, η, is
now of concern addressing the evaluation of its effects
on the average output powers of the MHEH. Three val-
ues of η are selected: 0.2, 0.5 and 0.8. For each value
of η, the same three configurations with different 	s

values are evaluated, as discussed in the previous sub-
section. Results are summarized in P̄avg × 	 diagrams
displayed in Figs. 12, 13, and 14, which are divided
into three sections based on different values of normal-
ized excitation amplitude of γ = 0.1, γ = 0.25, and
γ = 0.5. In these Figures, dashed lines represent the
P̄avg for the CPEH, serving as a reference for compar-
ison. Additionally, these diagrams include red curves
that represent the average output power associated with
the piezoelectric element, P̄pz , orange curves that rep-
resent the average output power of the electromagnetic
transducer, P̄em , and purple curves that represent the
total average output power of the MHEH, P̄avg. Note
that all values of power are scaled by ×103 for better
representation.

Figure12 represents the case with η = 0.2. Fig-
ure12a illustrates that, given this particular value of η

and low excitation amplitudes (γ = 0.1), the MHEH
does not enhance energy conversion to a degree that jus-
tifies its use over the CPEH. This observation holds true
for γ = 0.25 and γ = 0.5, as displayed in Figs. 12b
and 12c. However, under these conditions, the piezo-
electric output power, denoted as P̄pz , exhibits a sig-
nificant increase.

Additionally, Fig. 13 shows the results for a sce-
nario with η = 0.5. For low excitation amplitude val-
ues (γ = 0.1), the CPEH is still advantageous for
	s = 0.5. Alternatively, for the cases with 	s = 1.0
and 	s = 1.5, the performances became compara-
ble or even better than the CPEH. For medium values
of excitation amplitude (γ = 0.25), as displayed in
Fig. 13b, this value of η is suitable for replacing the
CPEH as both piezoelectric and electromagnetic trans-
ducers contribute effectively for the energy conversion.

For greater values of excitation amplitude (γ = 0.5),
as displayed in Fig. 13c, only the piezoelectric trans-
ducer contributes effectively to the energy conversion.

Furthermore, Fig. 14 illustrates the case where the
value of η is increased to 0.8. In this case, nearly all
combinations of 	s and γ demonstrate the benefits of
employing the MHEH. This is because, in every sce-

nario, the output powers are comparable to or exceed
those presented by the CPEH. Consequently, it fol-
lows that the optimal ratio of electromechanical cou-
plings is around η = 0.8, given this set of parameters,
where both piezoelectric and electromagnetic trans-
ducers contribute effectively to the energy conversion.
For higher values of η, the electromagnetic transducer
should convert much more than the piezoelectric ele-
ment.

Finally, by observing the values of output power pre-
sented in Figs. 12, 13, and 14, as well as in Fig. 11 of the
previous section, it is revealed that the increase of 	s

tends to increase the bandwidth. This behavior can be
attributed to a rightward shift in the resonance region
associatedwith the x direction, prompted by the change
in 	s . Notably, the high-performance region, charac-
terized by high-amplitude structural motion, initiates
near the resonance region of the z direction, with the
dynamical attractor persisting as 	 increases. Specif-
ically, the system initial conditions at each frequency
step correspond to the final conditions of the preceding
step. When excited near the resonance region of the
x direction, the motion in the z direction diminishes,
while motion in the x direction intensifies, resulting in
increased angular motion of the pendulum associated
with large amplitude oscillations and rotations. Con-
versely, when the system is excited far from resonance
regions, performance abruptly drops. This behavior
occurs at higher frequencies. Moreover, as excitation
amplitude increases, this decline in performance occurs
at even higher frequencies, reflecting the increased
input energy required to maintain the system within
a high-amplitude attractor.

5 Conclusions

This work presents a novel hybrid multidirectional
energy harvester that can enhance the performance of
cantilever-based harvesters when subjected to multidi-
rectional excitations. The proposed system employs a
pendulum structure to achieve multidirectionality and
multiple transduction mechanisms to enhance energy
conversion. Specifically, a piezoelectric transducer is
attached to the cantilever structure, and an electro-
magnetic transducer is incorporated into the rotational
support of the pendulum. Three distinct harvesters
of the same class are compared: (1) the classical
piezoelectric energy harvester (CPEH), which converts

123



Pendulum-based hybrid system

Fig. 12 	× P̄avg diagrams for η = 0.2. Three excitation ampli-
tude values are chosen: a γ = 0.1, b γ = 0.25, and c γ = 0.5.
For each value of γ , three configurations are selected with (i)
	s = 0.5, (ii) 	s = 1 and (iii) 	s = 1.5. In each plot, dashed

lines represent the P̄avg for the CPEH, serving as a reference
for comparison. Additionally, red curves represent P̄pz , orange
curves represent P̄em , and purple curves represent P̄avg, all for
the MHEH. All values of power are scaled by ×103
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Fig. 13 	× P̄avg diagrams for η = 0.5. Three excitation ampli-
tude values are chosen: a γ = 0.1, (b) γ = 0.25, and (c) γ = 0.5.
For each value of γ , three configurations are selected with (i)
	s = 0.5, (ii) 	s = 1 and (iii) 	s = 1.5. In each plot, dashed

lines represent the P̄avg for the CPEH, serving as a reference
for comparison. Additionally, red curves represent P̄pz , orange
curves represent P̄em , and purple curves represent P̄avg, all for
the MHEH. All values of power are scaled by ×103
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Fig. 14 	× P̄avg diagrams for η = 0.5. Three excitation ampli-
tude values are chosen: a γ = 0.1, b γ = 0.25, and c γ = 0.5.
For each value of γ , three configurations are selected with (i)
	s = 0.5, (ii) 	s = 1 and (iii) 	s = 1.5. In each plot, dashed

lines represent the P̄avg for the CPEH, serving as a reference
for comparison. Additionally, red curves represent P̄pz , orange
curves represent P̄em , and purple curves represent P̄avg, all for
the MHEH. All values of power are scaled by ×103
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energy in a single direction; (2) the multidirectional
energy harvester (MPEH), comprising the same struc-
ture as the CPEH combined with a pendulum; and (3)
the proposed multidirectional hybrid energy harvester
(MHEH), being an evolution of the previous harvester.

A theoretical model is established to describe the
main characteristics of the three harvesters and numer-
ical simulations are carried out in order to compare
their performances. Results demonstrate that the use
of the pendulum structure to achieve efficient multi-
directional conversion (utilizing the MPEH), is insuffi-
cient since it canwork as a dynamical absorber, thereby
reducing the system overall performance when com-
pared to its classic counterpart (CPEH). Alternatively,
by employing the proposed MHEH, results show an
impressive increase of performance in both maximum
output power and bandwidth when compared to the
CPEH, demonstrating that the proposed system not
only retains the desirable characteristics of the MPEH
but can also effectively address its limitations.

The performance of the MHEH system is analyzed
by examining the influence of key parameters. Ini-
tially, the optimal resistance parameters are identified
in order to find the maximum output power regions
of both transducers. Using the optimal resistance val-
ues, it is demonstrated that the ratio of electromechan-
ical couplings (η = χem/χpz = κem/κpz) should be
approximately 0.8 for both piezoelectric and electro-
magnetic transducers to effectively contribute to energy
conversion. If this ratio is too low, the piezoelectric ele-
ment dominates the energy conversion, whereas if η is
too high, the electromagnetic transducer converts more
energy than thepiezoelectric element. Furthermore, it is
observed that the electromagnetic transducer predomi-
nantly handles the energy conversion at low excitation
amplitudes. Alternatively, the piezoelectric transducer
takes precedence in energy conversion as the excita-
tion amplitudes increase. The influence of the natu-
ral frequencies of the structure (natural frequencies in
each direction of the Cartesian plane) are evaluated and
results show that a stiffer horizontal direction (perpen-
dicular to the direction of gravity) enhances the band-
width of the system.

Overall, this study establishes the hybrid multidi-
rectional energy harvester as a solution that maintains
the desirablemultidirectional characteristicswhilemit-

igating the drawbacks associated with attaching a pen-
dulum without an associated transducer.
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